Abstract-This paper presents the use of the power harvesting ratio (PHR) approach for evaluating the power harvesting capabilities of an electromagnetic vibration energy harvester. This is done for different electrical loads and measured bridge vibration data displaying multiple frequency components. Bridge vibration data are collected and characterized. The modes of the bridge are determined using a model sledge hammer, and the response of the bridge to a single vehicle is measured. Analysis of the data reveals that several of the modes contribute toward a response with multiple non-negligible frequency components. Measured bridge time-series data are then replayed on an experimental setup with an electromagnetic vibration energy harvester. Six electrical loads are implemented on the experimental platform: four passive loads and two active loads. The PHR approach is used to predict the average power from each load. Experimentally measured average power is within 6% of the predicted average power. The PHR approach is also used to successfully predict harvester instability for the active load dictated by the maximum power transfer theorem and validated experimentally. This paper demonstrates the utility of the PHR approach in evaluating harvester stability and performance for multifrequency excitations and sophisticated electrical loads, including active loads.
I. INTRODUCTION
A CCORDING to the most recent data collected by the National Bridge Inventory, in 2013, approximately 25% of U.S. bridges were classified as "structurally deficient" or "functionally obsolete" [1] . Most bridges are inspected only once every 24 months with the caveat that "structures with advanced deterioration or other conditions warranting close monitoring may be inspected more frequently" [2] . The poor state of many of the nation's bridges coupled with the need to inspect those in particularly bad condition more often results in a large demand for frequent structural monitoring that cannot be fulfilled in a timely manner. One way to address this demand is through implementation of autonomous structural monitoring.
There have been multiple sensing options proposed for structural health monitoring. Strain gauge placement at key locations [3] , pattern recognition of bridge acceleration data [4] , and acoustic emissions monitoring [5] are just some of the suggested techniques to detect structural deterioration. These sensing methods share one advantageous characteristic-they can be implemented to function remotely.
Ultimately, remote condition monitoring requires that the sensors acquire pertinent data concerning the state of the bridge, record it, and transmit it to a location where the data can be analyzed and processed. All of these processes require electrical power, which ideally, in order to make the sensor network truly autonomous, would come from a source requiring no maintenance. Hard-wiring power and data transfer cables to such a network is difficult and expensive [6] . Additionally, it is preferable for this power source to be "install and forget," which makes batteries a subpar solution due to the need for periodic replacement or recharging. One suitable solution is the implementation of an energy harvesting device capable of scavenging power from its surroundings.
Although there may be multiple domains from which energy can be harvested, some, like solar and wind energy, possess some drawbacks for this particular application. Explicitly, a bridge can be exposed to a series of overcast or windless days, resulting in insubstantial power generation from these types of power sources. Conversely, since regular bridge use is accompanied by some degree of mechanical vibrations, electrical power generation via electromechanical vibration energy harvesting does not feature this drawback. This type of energy harvesting would ensure that when the bridge is being used, at least some amount of power is being generated by the power supply for the sensor.
There has been a significant amount of research aimed at improving the power output of vibration energy harvesters. The need for this research stems from the fact that conventional vibration energy harvesters are capable of performing well (producing significant power) only at a single frequency [7] - [9] . Several techniques have been proposed to address this short-coming and enable vibration energy harvesting across a wide frequency bandwidth.
For example, research conducted in [10] and [11] demonstrates the effectiveness of generator arrays. These generator arrays are devices in which multiple conventional cantilever beam generators with marginally different natural frequencies are used in a parallel configuration. The natural frequencies of the incorporated generators thereby comprise a frequency bandwidth within which energy capture can occur. Another approach to addressing the single effective operation frequency problem is to enable the harvester's natural frequency to be tunable. This technique was studied by Zhu et al. [12] , Challa et al. [13] , and Constantinou et al. [14] ; though differing in specifics of implementation, all three research groups proposed tuning methods that relied on a controllable separation between grounded and harvester-mounted magnets to alter the stiffness and, thereby, the natural frequency of their respective harvesters. Peters et al. [15] showed that the stiffness/natural frequency tuning technique can also be accomplished by using piezoelectric actuators. Some research has also been carried out in tuning methods that obviate the need for physical actuation. Cammarano et al. [8] and Bowden et al. [16] propose tuning the harvester's natural frequency by adjusting the electrical load.
Generator arrays and natural frequency tuning are two major subgroups of solutions for expanding harvesters' operational bandwidths. However, the literature also features other unique solutions that are not classified by these two methods. For example, Tang and Li's two-stage vibratory structure employs multimode vibration coupling to achieve a wide frequency band [17] .
Despite a large number of emerging techniques being proposed for developing multifrequency energy harvesting, there is a lack of general analytical tools that can be used to drive their development and assess their feasibility and efficacy. Two such tools have been introduced in [18] .
The first of the two tools aids in assessing the stability of harvester dynamics, given a particular choice of electrical load. Section V-A will demonstrate the importance of including this assessment whenever there is consideration of using an active electrical load for the harvester.
The second tool was developed to address the need for a better metric for harvester power generation. Beeby et al. argued that current power metrics are not "ideal" as they " . . . ignore important factors such as bandwidth," stating that "insufficient data exists in literature to enable this (bandwidth considerations) to be included" [19] . This literature gap was the driving factor for the development of a power metric named the "power harvesting ratio" (PHR) in [18] . This PHR assists in the quantification of the amount of power delivered by a harvester to a particular electrical load at any specified frequency component of the excitation. The plot resulting from employing PHR enables prompt identification of frequency components, which provide significant contributions to generated power in multifrequency excitation.
The purpose of the present paper is to demonstrate the practical applicability and usefulness of these tools via experimental validation using real-world bridge data. As will be shown in Section III, bridge vibrations can be comprised of multiple substantial frequency components. In such cases, it becomes important to identify and quantify potentially significant power contributions when evaluating a candidate load. The paper will show that this identification and quantification process is more easily accomplished using the proposed PHR than conventional power-estimating methods, which usually consider only a single, presumably dominant frequency.
The rest of this paper is organized as follows: Section II provides a review of the two analytical tools introduced in [18] . Section III describes the process of acquiring and analyzing real-world bridge data; the section also presents the two excitation time series data sets used in the experimentation. Section IV describes the experimental platform used for validation. This section includes descriptions of a custom-made electromagnetic vibration energy harvester and the electrical loads used for power generation analysis. Section V describes the methodology; it describes how to apply the analytical tools described in Section II to the dynamics of the experimental harvester, the excitation data, and the employed electrical loads to draw conclusions about harvester stability and average power generation. Section VI describes and presents the results of the experimentation carried out to validate and assess the accuracy of the claims and techniques presented in Section V. Section VII summarizes the findings of the research described in this paper. Lastly, Section VIII comprises a short list of individuals and organizations that the authors would like to thank for their valuable assistance.
II. REVIEW OF STABILITY ASSESSMENT AND THE PHR
This section presents a brief review of the development of the tools used for assessing harvester stability and predicting power generation. A more detailed, step-by-step description of their conception can be found in [18] . It should be noted that the tools were developed based on a model of an electromagnetic vibration energy harvester. However, these tools can be applied to any other type of vibration energy harvester (e.g., piezoelectric, electrostatic, etc.), as long as the model of this device's dynamics is linear. A linear motor with a back EMF constant K f is placed between the excitation source and the proof mass, in parallel with the damper and spring. In this configuration, the vibrations of the excitation source cause a relative velocity to develop between the proof mass and the excitation source, thereby generating a back EMF (voltage) in the motor coil. This coil has an electrical resistance R and an electrical inductance L. The coil's leads are connected to an electrical load having a generalized electrical impedance Z L . The dynamics resulting from the interaction of these mechanical and electrical elements are wholly described by the following system of two equations:
A. Modeling
(1) 
where x is the displacement of the input excitation, y is the displacement of the proof mass, p = x − y is the relative displacement between the input excitation and the proof mass, i is the current running through the motor's coil, and v L is the voltage across the electrical load.
Modeling approaches similar to the lumped-parameter approach represented by Fig. 1 and described by (1) and (2) are commonly used to model harvester dynamics in literature [8] , [16] , [20] . In [18] , the harvester's dynamics were cast wholly into the electrical domain. This was done to simplify the analysis of the harvester's load selection on its power generation-power is ultimately delivered to the electrical domain, and in multidomain systems, load matching must be carried out in the domain to which power is being delivered [21] . In the electrical domain, the harvester dynamics were represented by the Thévenin equivalent circuit shown in Fig. 2(a) , in which Z L is assumed to be a linear complex impedance of some electrical load.
The Thévenin equivalent circuit serves to facilitate load choice/matching, while simultaneously making the system's input exogenous. Explicitly, in (2), K fṗ can be construed as the "input voltage source" to the electrical domain. This quantity depends on the back EMF constant and the relative velocity between the input excitation and the proof mass. In this form, sinceṗ is not independent of the choice of electrical load, assessing the effect of load choice on power generation is difficult; the choice of Z L affects both the load voltage as well as the input voltage. In contrast, the model form shown in Fig. 2 (a) presents the input voltage as being dependent on several internal harvester dynamics properties but independent of the choice of electrical load-hence, its designation as "exogenous."
B. Stability Analysis
Note that the s-domain Thévenin equivalent circuit shown in Fig. 2 (a) is dynamically equivalent to the linear, closed-loop feedback system shown in Fig. 2(b) . This representation allows conclusions to be drawn about the dynamic behavior of the harvester by using well-established techniques from linear control theory on the system shown in Fig. 2(b) . One important aspect to consider is the harvester's stability, especially if the electrical load is active.
The harvester's stability can be determined by plotting the Nyquist contour of the open-loop transfer function G OL (s) shown in (3) and employing the Nyquist stability criterion, shown in (4)
The Nyquist stability criterion states that the system shown in Fig. 2 (b) will have exactly P CL unstable, closed-loop poles, which is equal to the number of the system's unstable, open-loop poles P OL , plus the number of times the Nyquist contour of the open-loop transfer function encircles the critical point −1 + 0j in the clockwise direction N CW . The use and importance of this well-established linear control theory technique will be demonstrated in Section V-A.
C. Power Harvesting Ratio
The PHR developed in [18] was created for the purpose of estimating the power generation (both the total power and each frequency component's contribution to this total) of a given harvester when it is excited by multifrequency component excitation. This tool is an equation derived by applying the general expression for average power absorbed by an impedance in an ac circuit given byP
to the harvester's Thévenin equivalent circuit in Fig. 2(a) . In (5),P is the average power absorbed by the load impedance, |V | is the amplitude of the sinusoidal voltage across this impedance, |I| is the amplitude of the current running through this impedance, and ϕ is the phase between this voltage and this current. The PHR equation, resulting from applying (5) to the circuit in Fig. 2 (a) (the in-depth derivation can be found in [18] ), is given by
Equation (6) defines the normalized average power generated by the harvester at a frequency ω; the normalization is done with respect to the squared amplitude of the input acceleration's component at that frequency |s 2 X(s)| 2 . This normalization allows the use of (6) in conjunction with a discrete Fourier transform (DFT) of an excitation signal to obtain the harvester's average power generation behavior. Once the DFT of the signal is obtained (ensuring that its units are acceleration squared), it can be simply multiplied by the PHR at the corresponding frequencies to obtain the harvester's total average power generation for that particular excitation. In this manner, the contribution of each individual frequency component to the power generation can be seen. Explicit instructions for how this operation is carried out are presented in Section V-B.
The form of normalization is important for the correct assessment of harvester efficiency. Since the physical input into the harvester can be construed as mẍ(t), as can be seen from (1), normalizing PHR with respect to the acceleration amplitude squared yields the quantity of power generated divided by the same quantity of physical input at all frequencies. Thus, in the normalized form shown in (6), the largest PHR value necessarily indicates that the harvester system generates power most efficiently at that particular frequency. If this was not the case and PHR was normalized with any other derivative of x instead of acceleration, the physical input would not stay constant with respect to frequency. For example, if displacement was used, very high frequencies would result in much larger mẍ(t) inputs into the system. This could potentially result in a false interpretation that the harvester generates large amounts of power at very high frequencies.
The proposed method for stability analysis and the PHR power estimation technique were both introduced in [18] along with experimental validation using sinusoidal excitation. The purpose of the remainder of the present paper is to demonstrate how these tools are applied to actual physical bridge data exhibiting multiple frequencies, a harvester employing different electrical loads, and to assess their accuracy when this is done.
III. EXCITATION MEASUREMENT AND CHARACTERIZATION
In previous work, an idealized input spectrum was used as input to the energy harvester. One of the major goals of this work is to show that the PHR method for power estimation is effective when the input excitation is more realistic. The response of a bridge, described as follows, to a single vehicle excitation was acquired. To understand the frequency content of the bridge's response, modal impact testing was conducted and the natural frequencies and mode shapes of the bridge were identified. The relative contribution of each mode to the bridge's response to the vehicle excitation was identified in order to demonstrate the need for energy harvesting at multiple frequencies. The measured response of the bridge was then used as input excitation for the experimental energy harvester described in Section IV-A. This input helped evaluate the accuracy of PHR in estimating power generation for realistic bridge vibrations and to confirm theoretical predictions about harvester stability.
The bridge selected for testing was the Bob Sheehan Memorial Bridge in Nashville, TN. It is a two-lane, steel truss bridge spanning the Stones River in Nashville, TN. This bridge was formerly open to traffic but is now part of the Stones River Greenway trail system. This bridge provided a unique opportunity to collect both the free response (via impact testing) and forced response (via vehicle excitation) data. Permission from the local authorities was obtained to conduct all tests. A photograph of the bridge is shown in Fig. 3 .
Modal impact testing was conducted to identify the natural frequencies and mode shapes of the bridge. Fig. 3 shows the grid of 21 impact points used during the testing and the locations of the three accelerometers (two PCB 393A03 and one Colibrys SF1500S.A) used to measure the response of the bridge. A PCB 086D50 modal sledge hammer was used to excite the bridge, and data were acquired using a National Instruments 9234 data acquisition card and custom software.
The response of the bridge was measured for five impacts per point and the average frequency response functions (FRFs) for each sensor-impact location combination were calculated. The complex mode indicator function (CMIF) [22] was used to synthesize data from all three sensors to estimate the natural frequencies of the bridge. The relative amplitudes of the imaginary part of the FRFs at each estimated natural frequency were plotted to visualize the mode shapes. Finally, the modal assurance criterion (MAC) [23] was used to assess the linear independence of the identified modes. Fig. 3 shows the first nine mode shapes determined from impact testing.
Several peaks below 3 Hz were present in the CMIF plot, but MAC calculations indicated that the corresponding modes were not linearly independent. The mode at 3.17 Hz was selected as representative, while the modes linearly dependent on it were omitted because the bridge's forced response, described later, showed a significant frequency component only at 3.17 Hz and none below. A MAC plot indicates that the nine modes identified in Fig. 3 show a high degree of linear independence.
The response of the bridge to a single vehicle excitation was acquired for use in the analysis of the energy harvester. A 2007 Chevrolet Tahoe [total weight, including passengers 5900 lbs (2680 kg)] was driven across the bridge at a near constant speed of 20 miles per hour (32.2 k/h). The response of the bridge was measured at the accelerometer located at the bridge's midpoint. Fig. 4(a) shows two time histories that are representative of the data sets collected; Fig. 4(b) also shows the DFT of each data set. Several peaks are present in both data sets. For example, both data sets show strong contributions in the response from modes near 9 and 11.8 Hz. In addition, peaks near 3.1 and 6.3 Hz correlate well with modes identified from impact testing. Both data sets show strong contributions from frequency components identified as modes from the free response. These results demonstrate the opportunity to harvest energy from the bridge at multiple frequencies. In Section V-B, the PHR analysis tool will be used to quantify the amount of power generated at each of these frequencies given the harvester's dynamics and a specified electrical load.
IV. EXPERIMENTAL SETUP

A. Description of the Harvester
To demonstrate how the stability and PHR tools discussed in Section II are implemented for different electrical loads, the bridge acceleration data introduced in the previous section was replayed on the experimental setup shown in Fig. 1 .
The setup can be viewed as two stages. Referring to Fig. 1 , the first stage is comprised of the excitation voice coil, excitation encoder, and the excitation support springs. The voice coil's function is to emulate bridge vibrations, exciting the second stage-the harvester-which generates electrical power from this mechanical excitation. The grounded excitation springs support the harvester, thereby reducing the static load on the excitation voice coil; this allows the coil to more easily shake the second stage. The encoder is used in closed-loop control to ensure the intended excitation signal is being reproduced accurately by the voice coil.
The second stage consists of the compliant mechanisms, harvester voice coil, and proof mass encoder. The compliant mechanisms serve as a restorative spring element that enables relative oscillatory motion between the harvester voice coil's housing and its core. The housing contains permanent magnets, and the core holds the voice coil's windings; the relative motion between these components induces current and enables 
generation of power. The compliant mechanisms were chosen in favor of conventional extension springs as they also serve to enforce good axial alignment between the core and the housing, which increases the harvester's efficiency by minimizing power generation losses due to parasitic friction. The proof mass encoder measures the relative motion between the harvester voice coil's housing and core. This measurement was used to help calculate the harvester's m, b, and k coefficients for system modeling and control. There are several setup components not shown in the schematic and photograph of Fig. 1 that were used during experimentation. Two servo amplifiers were used to power the excitation and harvester voice coils. The latter was powered only when an active electrical load was to be employed. The current running through the harvester's windings was measured with an inductive current probe. The voltage across the windings' leads and the voltages from the encoder signals were measured with a data acquisition card. This card was used in conjunction with MATLAB Simulink Real-time R2014a for all data acquisition and to provide control signals to the servo amplifiers powering the voice coils.
The experimental setup's pertinent components are listed in Table I ; the key parameters governing those harvester dynamics that are independent of the electrical load choice are listed in Table II .
B. Description of the Electrical Loads
Four passive and two active electrical loads were used to demonstrate the use of the tools introduced in Section II-B and II-C; they are shown in Table III .
The 52.7 Ω load was chosen based on conventional harvester tuning practices. It is the electrical load, which results in the greatest amount of power being delivered to the load by the harvester when the latter is excited at its natural frequency. This 
using the parameter values from Table II . The derivation of (7) and the reason for why it does not contain a capacitive element as would be expected are presented on [18, p. 7] . The 23.6 Ω load was chosen by restricting Z L (s) in (6) to be purely resistive, assuming the input excitation is bridge acceleration time series data set A shown in Fig. 4(a) , and numerically determining the purely resistive load which results in the most generated power for this particular excitation.
The 240 μF capacitor that was added to both of these resistive loads was not meant to increase power generation. It was included to evaluate the accuracy of PHR when the employed electrical load has a frequency dependent component (i.e., is not purely resistive). Its value was chosen to be large enough to result in pronouncedly different behavior of the harvester's dynamics and power generation as compared to when the resistive loads were used by themselves.
One of the two tested active loads is the load prescribed by the maximum power transfer theorem (MPTT). According to this theorem, the maximum amount of power is transferred from a power source to a load when that load's impedance is equal to the complex conjugate of the source impedance. Given the harvester's source impedance shown in Fig. 2(a) , the load which satisfies MPTT is given by
The second active load used was chosen to fulfill two criteria: 1) its implementation results in stable harvester behavior and 2) its PHR curve closely resembles the PHR curve of the MPTT load at appreciable frequency components of the excitation based on bridge acceleration time series data set A shown in Fig. 4(a) . This close match can be seen in Fig. 7(b) . Denoted as "ACTIVE" in Table III , the transfer function that defines it is given by
where z 1 = 60 and α = 20.
V. METHODOLOGY
The following section illustrates how the two analytical tools introduced in Section II-the method for assessing harvester
stability using the Nyquist stability criterion and the technique for estimating power generation with PHR-are used in practice.
A. Stability Assessment of Active Loads
Before the PHR method can be used to estimate power generation values for the loads described in the previous section, it is necessary to ensure that these loads do not result in unstable harvester behavior. As passive loads are innately incapable of inputting net positive power to the harvester, they cannot cause the harvester dynamics to be unstable. However, it is necessary to analyze the two active loads using the method described in Section II-B before predicting their power generation behaviors using PHR. As will be shown, attempting to use Z MPTT (s) causes the harvester dynamics to become unstable, whereas Z ACTIVE (s) will be shown to be a serviceable active electrical load.
1) Electrical Load Prescribed by the MPTT:
When the load dictated by MPTT shown in (8) and the sourced impedance of the harvester shown in Fig. 2(a) are substituted into (3 
where
Substituting the harvester parameters values from Table II into (10) results in the open-loop transfer function having three unstable poles, i.e., P OL = 3 in (4). Thus, if the harvester is to be closed-loop stable, the Nyquist contour of (10), shown in Fig. 5 , needs to encircle −1 + 0j three or more times in the counterclockwise direction, i.e., N CW ≤ −3. Note that only half of the Nyquist contour is shown (it is symmetric about the real axis) and the entire contour actually lies right on top of the unit circle drawn using dashed line style on the plot. Only half of the contour is shown and this half is displaced off of the unit circle and shifted closer to the origin solely for cosmetic purposes; this was done to facilitate visual inspection of the plot.
This Nyquist contour reveals that even if a gain was used to increase the overall magnitude of (8), the contour shown in Fig. 5 would only provide at most one counterclockwise encirclement of the critical point resulting in 2 ≤ P CL ≤ 3.
This means that the active load dictated by MPTT shown in (8) would cause the harvester's closed-loop transfer function to possess between two and three unstable poles, necessarily implying unstable and, therefore, nonimplementable harvester behavior.
In fact, the resulting unstable behavior when Z MPTT (s) is used as the electrical load applies to any harvester of the form described by the lumped-parameter model shown in Fig. 1 . The closed-loop transfer function of the harvester [i.e., the closedloop transfer function of the system shown in Fig. 2(b 
Noting that the values of coefficients m, b, k, R, L, and K f have to remain strictly positive due to the inherent nature of the harvester's parameters they represent, the Routh-Hurwitz stability criterion can be applied to (11) to conclude that G CL (s) will always have unstable closed-loop poles.
Put differently, it is impossible to actively implement the MPTT-dictated load across a frequency range for a harvester described by the traditional lumped-parameter representation shown in Fig. 1 without producing unstable harvester dynamics. Note that this means that (8) cannot be implemented for s = jω where ω varies. It is, however, possible to pick a single particular frequency, and implement MPTT at that frequency. This can even be achieved solely through the use of correctly valued passive components.
It's important to consider the implications of the previous paragraph. Some research has claimed that achieving maximum power delivery to the load in a certain frequency bandwidth is possible [24] ; however, this research did not consider harvester stability. In order for the electrical load to be able to autonomously adapt to frequency changes or to harvest maximum power when multiple frequency components are present in the excitation, (8) would have to be actively enforced. Since this would result in unstable harvester behavior, practically achieving maximum power delivery to the load across all frequencies is impossible. Consequently, MPTT can only be achieved at a single excitation frequency at a time by substituting that particular frequency into (8) and using the resulting passive load. Therefore, even though an MPTT-dictated load can theoretically be realized at any chosen frequency, this is of little value when it comes to practical implementation; the load tuning could not be autonomous, and it would be impossible to extract maximum possible power (determined by MPTT) from excitation comprised of multiple frequency components.
2) Trial Active Electrical Load: As mentioned in Section IV-B, the ACTIVE electrical load was chosen such that its implementation resulted in stable harvester dynamics. Although the constants z 1 and α in (9) were tuned to increase power generation for the given excitation, the chief purpose of including Z ACTIVE (s) in the experimental testing was to verify that PHR can accurately predict power generation for active loads.
Prior to assessing whether this is the case, since Z ACTIVE (s) is an active load, it is necessary to show that it does not adversely affect harvester stability using the same analysis that was used with Z MPTT (s) in the previous section.
Substituting Z ACTIVE (s) from (9) and Z s (s) from Fig. 2 (a) into G OL (s) from (3) yields the following open-loop transfer function:
, and A 0 = αkR. Substituting α = 20, z 1 = 60, and the harvester parameters from Table II into (12) yields 0 unstable open-loop poles [i.e., P OL = 0 in (4)] and the Nyquist contour shown in Fig. 6 . The rest of the Nyquist contour extends into the right-half plane, making N CW = 0, and consequently P CL = 0, in the Nyquist stability criterion shown in (4) .
This stability assessment confirms that using a servo amplifier to emulate the active load described by Z ACTIVE (s) in (9) would not result in unstable harvester dynamics; this allows Z ACTIVE (s) to be used to assess the accuracy of the PHR power estimation method. Fig. 7(a) and (b) shows the PHR curves for the loads in Table III and the DFT of one of the excitation time series used for experimental validation.
B. Average Power Generation Estimation Using PHR
The PHR curves are simply plots of (6) with the loads from Table III substituted in. They indicate the amount of average power the experimental harvester would deliver to the specified electrical load per unit of acceleration squared as a function of frequency. Note that the DFT plot shown in both figures features units of acceleration squared. This unit choice allows a value on the PHR curve of a given load at a particular frequency, PHR(ω i ), to be multiplied by the amplitude of acceleration squared value appearing on the DFT plot at the same frequency, a 2 (ω i ), to obtain the average power delivered to the load at that particular frequencyP (ω i ) Fig. 8 shows the result of carrying out the earlier operation for all the frequency values in the 0-25 Hz frequency range using the PHR curve of Z ACTIVE (s) and the DFT plot, both of which are shown in Fig. 7(b) . Fig. 8 implies that using Z ACTIVE (s) as the electrical load when the harvester is subjected to the given excitation will actually result in negative average power generation at approximately 6 Hz, meaning power is actually transferred from the load to the harvester at that frequency. However, this small power drain is outweighed by the positive power generation values appearing at about 9 and 12 Hz.
By summing the values plotted in Fig. 8 , the prediction for the overall average power generation (i.e., the average power delivered by the particular harvester to the chosen electrical load at the excitation described by the given DFT) is obtained. In equation form, this summation is represented bȳ
whereP tot is the total average power predicted to be delivered by the harvester to the electrical load by PHR from all frequency components ω i through ω N in the excitation. The PHR method's strength lies in the ease of its application and the clarity of its results. The effect of using a different electrical load or having a different expected excitation can be quickly assessed by substituting the desired load's impedance into (6) to obtain a new PHR curve or calculating the DFT for the new excitation. Results akin to Fig. 8 then allow the individual contribution of distinct frequency components to be easily identified.
However, the PHR method should be applied with care-it should never be used before ensuring that the electrical load for which power generation is being estimated can actually be employed. For example, Fig. 8 can be obtained for Z MPTT (s) as well. In fact, the Z MPTT (s) PHR contour, purposefully included in Fig. 7(b) , shows that if Z MPTT (s) was implementable as the electrical load of the harvester, its power generation potential either matches or exceeds that of Z ACTIVE (s) at every frequency. Theoretically, this is not surprising since Z MPTT (s) is based on the MPTT. However, as is shown in Section V-A1, it is impossible to use Z MPTT (s) as the harvester's electrical load since it would result in unstable harvester dynamics. Since Z MPTT (s) is not implementable as the harvester's electrical load, its superior predicted average power generation is inconsequential from a practical point of view. It does, however, serve to identify an upper bound in designing a load that is stable. Fig. 8 essentially shows that Z(s) ACTIVE "has it where it counts" for this particular excitation.
VI. EXPERIMENTAL RESULTS
The following section presents experimental data as support for the predictions concerning the estimated power generation and stability of harvester dynamics made in the previous section.
To assess the accuracy of using (13) and (14) to estimate harvester power generation, the amplified bridge acceleration time-series data sets A and B shown in Fig. 4(a) and (b) were used as excitation for the harvester described in Section IV-A. The excitation's amplitude was scaled up by a factor of 75 in order to make the excitation reproducible and repeatable on the experimental setup. Since the data sets were amplified by the same factor at each time step, the DFT shape of the bridge's oscillatory response remained the same.
Each of the electrical loads shown in Table III were connected across the harvester's leads and the experimentally obtained average power delivered to each load was calculated according to (15) 
where V L i and I i are the load voltage across, and current flowing through, the harvester leads, respectively, at the time the i th sample was collected by the data acquisition card, and M is the total number of such samples collected. Each load was tested using both of the acceleration time-series data sets five times. The theoretical total average power delivery to the load was recalculated for each experimental run using the DFT calculated from the measured excitation. This was done to account for any small differences existing between the actual and desired excitation displacements. The experimentally measured average power generation was taken as the true value, and the percent that the PHR-predicted value deviated (i.e., percent error) from the experimentally measured value was calculated. Fig. 9 depicts the PHR-predicted average power generation values plotted against their resultant error quantities for all of the experimental runs that used the amplified acceleration time series data set A from Fig. 4(a) and data set B from Fig. 4(b) as the excitation. Note that one of the loads used during experimentationthe 52.7 Ω resistance-was implemented/tested in two different ways. The data points labeled "52.7 Ω Physical" represent the experimental data set obtained from attaching a physical resistance of 52.7 Ω across the harvester leads. The points labeled "52.7 Ω Emulated" are the experimental results from attaching servo amplifier leads to the leads of the harvester, and emulating the behavior of a 52.7 Ω resistor. This was done to ensure the accuracy of using a servoamp to emulate load behavior. Use of the servoamp is necessary to implement Z MPTT (s) and Z ACTIVE (s).
Overall, the experimental results show that the PHR method accurately predicts average power delivered by the harvester to the load, as no experimental run exhibited an error exceeding ±6 %. The plots also show good repeatability of experimental results. Testing using the same experimental conditions (i.e., reference excitation and chosen load) yielded results that were typically within ±1 %; the data sets obtained using the physical and the emulated 52.7 Ω loads also exhibit this close grouping.
Note that Fig. 9 does not feature experimental results for the Z MPTT (s) load. This load was pronounced theoretically not implementable in Section V-A1, as it was predicted to cause the harvester dynamics to become unstable during its use. In order to experimentally validate this claim, the MPTT-dictated load described by (8) was emulated using a servo amplifier. It was found to exhibit instability experimentally.
A final key observation should be made concerning the experimental results depicted in Fig. 9 . Recall that 23.6 Ω is the "optimized" purely resistive load; it is the resistive load that results in the largest amount of power being transferred to it by the harvester. Z ACTIVE (s), conversely, is an active load which is tuned for greater power generation. The load Z ACTIVE (s) outperforms the 23.6 Ω load in expected average power generation. This superior performance is reflected in the experimentally measured average generated power and is not due to the slightly larger error on Z ACTIVE (s) PHR-predicted values. For data set A, for example, the five experimental runs using the 23.6 Ω load resulted in an average of 42.7 mW being delivered to the load, while the five runs using Z ACTIVE (s) resulted in an average of 46 mW being delivered. This increase of approximately 8% in power delivered to the load shows that active electrical loads are capable of achieving better performance, with respect to average power generation, than their passive, optimized counterparts.
VII. CONCLUSION
The principal purpose of the research presented in this paper is the practical application of analytical tools introduced in [18] .
A description of how to collect and analyze real-world physical bridge data in order to use it as predicted harvester excitation for estimating power generation was presented. The presented technique included a way to correctly identify true, linearly independent bridge modes. It was also shown that when a bridge is excited by a vehicle traveling over it, it exhibits several significant frequency components located at these modes. The multifrequency nature of this forced bridge excitation provides strong motivation for the development of the aforementioned analytical tools.
An included methodology section detailed the procedure of assessing harvester stability based on the interplay between the harvester and electrical load dynamics. The ability of this procedure to predict instability was empirically demonstrated by attempting to implement the active electrical load prescribed by the MPTT on the experimental harvester.
The experimental platform was also used to assess the accuracy of the proposed PHR technique for estimating average harvester power generation for excitations based on the collected real bridge vibration data. The experimental results indicate that PHR is capable of providing accurate and repeatable estimates of the average power delivered to a particular electrical load. The technique yielded estimates that never exhibited more than 6% deviation from actual (i.e., experimentally measured) delivered power values; the testing included both passive and active loads.
The use of real world bridge vibration data to validate: 1) the harvester's stability assessment tool, and 2) PHR, serves to show that both of these analytical tools are applicable and practical. The accuracy and ease of use make PHR both a good power generation metric and a valuable design tool for load selection and tuning. This is especially true in cases where excitation comprises several significant frequency components.
Finally, it was shown experimentally that a harvester is capable of delivering more power to an active load than it is capable of delivering to an optimized passive load. This suggests that formal electrical load optimization, which can be guided by the analytical tools discussed in this paper, may be used to enhance power generation of vibration energy harvesters subjected to multifrequency excitation.
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